TYING UP BARIC ALGEBRAS 



ANTONIO M. OLLER-MARCEN* 

f**^ ' Abstract. Given two baric algebras {Ai,uii) and {A2,uJ2) we describe a 

^vj , way to define a new baric algebra structure over the vector space Ai © 

A2, which we shall denote (Ai Xl ^2,1^1 Xl aJ2). We present some easy 
properties of this construction and we show that in the commutative and 
unital case it preserves indecomposability. Algebras of the form Ai ex] A2 in 
the associative, coutable-dimensional, zero-characteristic case are classified. 
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1. Introduction 



Baric algebras play an important role in the theory of genetic algebras. The 
use of algebraic formalism to study genetic inheritance was introduced by I.M.H. 
C^ . Etherington |3] in the first half of the last century and has revealed fruitful giving 

rise to many interesting classes of algebras such as train or Bernstein. For a brief 
survey of this subject we refer to f5| and for an introductory but deeper approach 
to [6]. 

^ , In II] the notion of decomposable baric algebras was introduced. In the same 

(^r^ ' paper it was also presented a way to construct decomposable baric algebras 

04 I starting from two baric algebras with an idempotent of weight one. Furthermore 

O^ ' in [1] and in [2* the authors analized the indecomposability of some well-known 

examples of algebras arising in genetics. In this work we define a new way to con- 
C"^ ' struct a baric algebra starting from two given baric algebras. Our construction, 

^'— ^ , although similar, is different than that in T. In particular, while the construc- 

tion in |lj always gives rise to decomposable baric algebras, we will show that 
in the commutative unital case our construction preserves indecomposability. 

We will also show that baric algebras obtained by our method always have a 

unique weight homomorphism. Thus, as a consequence, we show that every baric 

$H ' algebra can be embedded in a baric algebra with a unique weight homomorphism. 

The paper is organized as follows. The second section presents the construc- 
tion and the third one gives some properties following easily frome the definition. 
In the fourth section we study the uniqueness of the weight homomorphism. In 
the fifth section we study the ideals and focus on the case when our original 
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2 ANTONIO M. OLLER-MARCEN 

algebras are commutative and unital, showing that in this case our construction 
preserves indecomposabiUty. Finally we study the associative case and give a 
classification when we are in countable dimension and the base field is of char- 
acteristic zero. 

2. The construction 

Let {AijLOi) and (^2,^2) be two baric algebras; i.e, Ai and A2 are algebras 
over a field K and uji : Ai — > K is a non-zero ii'-algebra homomorphism for 
i = 1,2. Now, in the i^-vector space Ai A2 we define a product 

(ai,a2)(6i,52) = {aibi + uj2ib2)ai,a2b2 +a;i (61)02) (1) 

which is easily seen to define a ii'-algebra structure on Ai © A2. 

Definition 2.1. Given {Ai,uji) with i — 1,2 two baric algebras we define Ai ixi 
A2 to be the K-vectoi space Ai © A2 with the algebra structure given by the 
product H]). 

We can now define an application uji txi u;2 '■ Ai (B A2 — > K given by the 
formula wi M W2(ai, 0-2) — wi(ai) -f ijJ2{a2)- Trivially wi ixi a;2 is i^-linear and, 
also, we have that 

cji ex: W2((ai,a2)(6i,62)) = ^i ixi ci;2(ai6i -I- ^2(62)01, a2fe2 + ^i{bi)a2) 

= a;i(ai6i) +^2(62)^1(01) +^2(0262) + Wi(6i)w2(a2) 
= (a;i(ai) + uj2{a2)){'^i{bi) +^2(62)) 
= wi CXI W2(ai,a2)wi tx: ^2(61,62). 

Thus, uji Dxi W2 is a _R"-homomorphism and we have the following: 

Proposition 2.1. Let {Ai,u)i) with i = 1,2 be baric algebras. Then so is the 
pair {Ai Dxi A2, cji ixi uj2)- 

Remark. By means of the inclusions Li : Ai ^^ Ai t<i A2 {i — 1,2) given 
by iiiai) = {Slai,Sfai) we can see each Ai as a subalgebra of Ai txi A2 and 
we will identify Ai with Li{Ai). With this identification it is easy to see that 

A^ <ir Ax 1X1 A2. 

Example 2.1. Let X be a field. Obviously (K,\<\k) is a baric algebra, then 
K t^K \s, the vector space K^ endowed with the product 

(a,/3)(a',/3') = («' + /?')(", /3). 
In this case we have 

\Ak ix idx(a, /3) = a + /3. 
We will come back to this example later on. 
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3. Some easy properties 



This section is devoted to present some properties arising easily from the 
previous construction. 

We recaU that two baric algebras {A,uj) and {B, ip) are said to be isomorphic 
if there exists a iiT- algebra isomorphism / : A — > B such that ip o f = uj. The 
following propositions show some nice properties of this construction. 

Proposition 3.1. Let (Ai,uji) with z = 1,2,3 be baric algebras. Then we have 
the following isomorphisms: 

(i) {AitXi A2,UJlt<UJ2) ^ {A2fXi Ai,UJ2(XiUJi). 

(ii) {{Ai ixi A2) CXI A3, (wi Dx: 002) ixi 0J3) = {Ai dx {A2 ex A3),uJi ex (^2 txi 

Proof. Define /i : Ai cx A2 — > A2 txi Ai by /(ai,a2) = (a2,ai), in the same 
way, define /2 : (^1 ex A2) ex ^3 — ^ Ai ex {A2 ex A3) by /2((ai,a2),a3) = 
(ai, (a2, 03))- It is easy to see that both maps are weight-preserving X-isomorphisms. 

D 

Proposition 3.2. Let {Ai,lui), {A[,lu'i) and {A2,lu2) be baric algebras and let 
us suppose that {Ai,LOi) ^ {A'i,Lu'i), then {Ai ex ^2,^1 ex (x>2) = {A[ ex ^2,^^ ^^ 
W2). 

Proof. We know by hypothesis that there exists an isomorphism / : Ai — > 
A[ such that oj'i o f — uji. We can define a map f : Ai txi A2 — > A[ [xi 
A2 in a natural way by /(ai,a2) = (/(ai),a2). This map is obviously a K- 
homomorphism and, moreover, uj'i ex a;2(/(ai, 02)) = uj[{f{ai)) + uj2i<i2) = 
wi(ai) + a;2(a2) = cji cx (x>2(ai, 02) and this completes the proof. D 

Given a X-algebra A and elements x,y,z € A, the definitions of the com- 
mutator [x,y] = xy — yx and of the associator {x,y,z) = {xy)z — x{yz) are 
well known; A being commutative or associative if and only if [x, y] = for all 
x,y E A 01 [x, y, z) ^ for all x,y, z G A respectively. 

Lemma 3.1. Let (Ai,uji) for i ^ 1,2 be baric algebras. Let x — (01,02) and 
y — {bi,b2) be elements of Ai ^ A2. Then we have that: 

[x,y] = ([ai,6i] +^2(62)01 -a;2(a2)6i, [02,^2] +wi (61)02 -wi (01)62). 

Recall that the commutative center of an algebra A is the set 

IC{A) = {o e yl I [a, 6] = V6 G A} 

In view of the previous lemma, we have the following corollary. 

Corollary 3.1. // (Ai, LOi) with i — 1,2 are baric algebras, then IC{Ai >a A2) — 
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As usual it is interesting to search for idempotents. In the case of baric 
algebras we look for idempotents of weight 1. In this direction we have the 
following easy result. 

Proposition 3.3. Let {Ai,uji) for i = 1,2 be baric K -algebras and let e^ G Ai be 
idempotents such that uJi{ei) — 1. Consider the set 3 = {(Aei,/ze2) | A + ^ = 1}, 
then ef = e for all e, / G 3 and, in particular, 3 consists of idempotents of 
weight 1. 

Proof (Aiei,^ie2)(A2ei,^2e2) = (Ai(A2 +/i2)ei,^i(A2 + ^^2)62) □ 



4. Uniqueness of the weight homomorphism 

In a baric algebra, the weight homomorphism is not uniquely determined in 
general (see [4 for example). Nevertheless, the following result shows that our 
construction behaves quite nicely in this sense. 

Proposition 4.1. Let (^^,0;^) for i — 1,2 be baric algebras. Then uji [xi u)2 is 
uniquely determined. 

Proof. Let us suppose that (p : Ai\><i A2 — > K is a non-trivial homomorphism of 
if-algebras. Then for z = 1, 2 we can define Lpi : Ai — > K by fi{ai) — (/^(ai, 0) 
and ^2{a2) — </'(0i'^2)- It is easy to check that both ipi are ii'-homomorphisms 
and ip{ai,a2) = <yJi(ai) + (p2(a2)- 

Now, as (/3 is a ii'-hoinomorphism, (p{ai, a2)(p{bi, 62) = <^((ai, a2){bi, 62)) and 
thus, by the preceding considerations: 

{(piiai) + V?2(a2))(<^i(fei) + ^2(62)) = ^{aibi + a;2(fc2)ai, a2&2 + a;i(foi)a2) 

From this it follows that: 

ipi{ai){uj2ib2) - ^2{b2)) = <y32(a2)(<^i(&i) -uji{bi)), yai,bi G A^ 

So choosing ai G Ker ipi and 02 ^ Ker ip2 we have that tpi — uji. Similarly we 
obtain ip2 = u)2 and the proof is complete. D 

As a consequence of this result, together with the fact that Ai is a subalgebra 
of Ai [x: A2 we have the following corollary. 

Corollary 4.1. Every baric algebra is a subalgebra of a baric algebra with a 
unique weight homomorphism. 

In [B] it is shown that if a baric algebra {A, lo) is such that Ker lo is nil, then 
the weight homomorphism is uniquely determined. Clearly our construction 
provides a family of examples showing that the converse is false. 
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5. Ideals and indecomposability. 



Let (AijUJi) with i = 1,2 be baric algebras, then each Ai can be seen as a 
subalgebra of Ai txi A2. Now let / <r Ai be a right ideal. We can identify / with 
ti(/) and it is easy to see that with this identification I <ir Ai (^ A2 remains a 
right ideal. 

Now let I <r Ai \x\ A2 be a right ideal. Then we can define 

h = {ai e Ai \ 3 a2 e A2 s.t. (ai, 02) G /} 

Again, it is easy to see that /i <r Ai is also a right ideal. Note that if we define 
the projections pi : Ai CxJ A2 — > Ai in the obvious way, /i is just pi(/). In the 
same way we can define I2 ■ 

In view of the previous considerations, it is natural to ask whether an ideal 
of Ai remains an ideal of Ai \x\ A2. 

Proposition 5.1. Let I ^ Ai be an ideal. Then I is an ideal of Ai Cxi A2 if and 
only if I Q Ker uji . 

Proof. If / < Ai (the case I ^ A2 is analogous), then clearly I <r ^i ixi ^42. Now 
if X £ / and a^ G Ai for i = 1,2 we have that (ai,a2)(x,0) — {aix,uji{x)a2) G / 
if and only if uji{x)a2 = for all 02 & A2. Obviously this happens if and only if 
wi(x) = and the proof is complete. D 

While, on the other hand, we have the following: 

Proposition 5.2. Let L < Ai \xi A2 be an ideal such that /i 7^ Ai. Then /i is 
an ideal of Ai if and only if L2 C Ker W2- 

Proof. Given / < Ai cxi A2 we already know that /i <r Ai is a right ideal. Let us 
suppose that I2 Q Ker a;2, then if ai G /i and a G Ai, there exists 02 G A2 such 
that (01,02) G /; so we have that (a,0)(ai,a2) = (aai,0) G / and this implies 
that aai G /i as desired. 

Conversely, suppose that there exists 02 G L2 such that ^2(02) 7^ 0. By 
definition, there exists ai G Ai such that (01,02) G /; in particular oi G /i 
so given any a G Ai we have that aoi G /i. Moreover, (a,0)(ai,a2) = (aai + 
'^2(02)1, 0) G / so aai +a;2(a2)a G Ii- Then we have that 0^2(02)0 G /i and that 
o G /i . This implies Ai ~ Li, a contradiction. D 

Remark. If / < ^1 \xi A2 is an ideal, L ^ Ai txi A2 does not imply /i j^ Ai. To 
see this it is enough to consider the ideal / — Ker uji ixi a;2, in this case we have 
that /i — Ax although L ^ A^'sA A2. 

Proposition 5.3. Let (Ai,cji) for i ~ 1,2 be commutative baric algebras and 
let I <i Ai txi A2 be an ideal such that L C Ker loi txi lu 2- Then /i = Ai if and 
only if I = Ker coi Cx] cj2 . 
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Proof. Let us suppose /i = Ai and choose a E Ai such that uji{a) ^ 0. Then 
there exists b E A2 such that (a, b) G /, note that in particular uji{a) = —uj2{b) 7^ 
0. 

Now take (oi, 02) G Ker cji cxi 0J2, i.e., cji(ai)+c<;2(a2) = 0. Being I<Ai cxi A2 
and due to the comniutativity of each Ai we have: 

(a, 6)(ai,0) - (ai,0)(a, 6) = (-a;2(6)ai,cji(ai)6) £ / 

(a, 6)(0,a2) - (0,a2)(a, 6) = (^^2(02)0,-^^1(0)02) e / 
and there are two possible cases: 

Firstly, if cji(ai) = —1^2(02) = 0, then we have 

(01,02) - -{LJ2{b))-\-uj2{b)ai,0) - (cji(a))-i(0,-wi(o)a2) e / 
and secondly, if a;i(ai) = —^2(02) =/= 0, then 
(01,02) = {uj2{b)y^ ({uj2{a2)a, -uJi{a)a2)-{-uj2{b)ai,LJi{ai)b)+uJi{ai){a,b)] e I 

Thus, in both cases (01,02) G / and the equality holds. The converse was 
discussed in the previous remark. D 

Definition 5.1. Let {A,uj) be a baric algebra. We define the set I(A,uj) to be: 

Z(A,w) = {/< A I /C Ker w} 

Proposition 5.4. Let {Ai,LUi) fori ~ 1,2 be commutative unital baric algebras. 
Then the sets I{Ai,uji) x 1(^2,0^2) and T{Ai Dxi y42,a;i cxi 072) \ {Ker oji ixi 072} 
are bijective. 

Proof. Let us define maps 

tp : I{Ai,uji) X I{A2,u}2) — > I{Ai >i ^2,^1 t^i ^2) \ {Ker cji c<: L02} 
and 

ip : I{Ai M ^2,1^1 CXI L02) \ {Ker ui cxi L02} — > 2^(^i,'^i) x 1(^2,^2) 

by (p{I,J) = I txiJ = {(a, 6) G Ai cxi A2 | o G /, 6 G J} and ip{I) = {h.h)- 
Proposition 5.1 implies that (^ is well-defined. In the same way Propositions 

5.2 and 5.3 imply that '0 is well-defined. Thus, it is enough to see that if and i/; 

are each other's inverse. 

First, let li G I{Ai,uji). Then, obviously (/i ^ l2)i = h and this shows that 

^^(/l,/2)-(/l,/2). 

On the other hand, let / G T{Ai cxi A2) \ {Ker wi cxi a;2}. Clearly / C /i cxi /2. 
Conversely, let (0,6) G /i cxi /2. By definition there exists b' G A2 such that 
(o, b') G /. Since wi(o) = it follows that W2{b') ~ and, since / is an ideal we 
have that (o, 0) = (1, 0)(a, 6') G /. In the same way (0, 5) G / and we have that 
I C Ii txi /2; i.e., that (pip(I) = / and the result follows. D 
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Example 5.1. Let K be any field. We construet [K ix K, id^ ^ id_R-) like in 
Example 2.1. Then a direct application of the previous proposition gives us the 
simplicity of Ker idi^: ^ id^^ . 

In [I] the notion of decomposable baric algebra was introduced. Namely, a 
baric algebra {A, u) with an idempotent of weight 1 is decomposable if there 
are non-trivial ideals A^i and iV2 of A, both contained in Ker lo and such that 
Ker uj = Ni® A^2- Otherwise {A,uj) is indecomposable. 

The following result shows that our construction works nicely with respect to 
indecomposability in the commutative case. 

Proposition 5.5. Let [Ai^LOi) he commutative unital indecom^po sable baric al- 
gebras for i = 1,2. Then {Ai \Xi A2,uJi ixi 0^2) is also indecomposable. 

Proof. Assume that {Ai t^ A2,ijOi ^ ^2) is decomposable. Then there exist 
ideals S", T such that Ker ijji \><i uj2 — S ® T . Since both S, T are non-trivial 
we can apply Proposition 5.4 to get that S = [81,82) and T = {Ti,T2) with 

8i, J-i 'Si Ai. 

Clearly 8i + T,C Ker u, . Now, if x G S'i n T^ it follows that (x, 0) G S" n T = 
so 8i and Ti have direct sum. Moreover, since Ker Wi < ^1 txi A2, Ker ujiOT — 
Ker W2 n 5' = it follows that Ker w^ = 5^ ® T^. 

If S*! = then it must be 5*2 7^ 0. Moreover, Ker wi C Ti and if it was T2 — 
it follows that Ker uj2 C 82 and Ker wi © Ker uj2 — Ker wi txi uj2 which is false 
by Proposition 5.4 again. Consequently we have proved that if 81 = 0, then 
82,T2^0 and {A2,oj2) is decomposable. 

In the same way it follows that Ti = implies that (^2,^2) is decomposable. 

If both 81 and Ti are non-zero, then {Ai,uji) is decomposable and the result 

follows. n 

6. Associativity 

We will start this section with the following lemma: 

Lemma 6.1. Let (Ai,uJi) for i = 1,2 be baric algebras. Let x = (ai,a2), 
y — (61, 62) O'lT'd z — (ci, C2) be elements of Ai t<l A2. Then we have that: 

{x,y,z) = {{ai,bi,ci)+uj2{b2){aici-uji{ci)ai), (02, 62, C2)+wi(6i)(a2C2-W2(c2)a2)). 

We can use this to prove the following characterization: 

Proposition 6.1. Let (^^,0;^) with i — 1,2 be baric algebras. Then the algebra 
A\ ixi A2 is associative if and only if (ai,a2)(6i,62) = (wi [x: a;2(&i, &2))(ai, 02) 
for all (01,02), (61,62) G v4i DXI A2. 

Proof. Put X — (01,02), y — (61,62) and z — (ci,C2). Let us suppose that 
Ai txi A2 is associative. Then each Ai is also associative because they are 
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subalgebras oi Ai \xi A2. So, by Lemma 6.1: 

= {x,y,z) = (a;2(&2)(aici - wi(ci)ai),i:Ji(6i)(a2C2 - a;2(c2)a2)). 

and choosing bi ^ Ker uji wc have that aiCi = Ui{ci)ai for aU Oi,Ci G Ai. Thus 
we have that (ai,02)(6i,52)(= cji m u;2 (^1,62)) (01,02) and the proof is complete 
as the converse is just an easy computation. D 

A X-algebra A is called left (resp. right) alternative if (x, x, y) =0 for all 
x^y & A (resp. (x, y,y) — for all x,y £ A). We say that A is alternative if it is 
both left and right alternative. Of course an associative algebra is left and right 
alternative. As an easy consequence of Lemma 6.1 we have: 

Proposition 6.2. Let {Ai,iUi) with i = 1,2 be associative baric algebras. Then 
the following are equivalent: 

(i) Ai 1x1 A2 is associative. 
(ii) Ai M A2 is left alternative. 
(iii) Ai >a A2 is right alternative. 

Example 6.1. Let K be any field. Thanks to Proposition 3.1(ii) and recalling 
Example 2.1 , we can unambiguously define the baric algebra {K'^", id"^"), where 
K'^" stands ior K >i . . . txi K and id"^" = id/^- ixi . . . cx] id^^ is defined by the 
formula id'^"(Q;i, . . . , a„) = cti + • • • + a„. Then, due to Proposition 6.1, K'^" 
is associative. 



The remaining of this section will be devoted to show that, under certain 
assumptions, the previous example is the only situation in which our construction 
is associative. 

Let {A, oj) be a baric algebra over a field K and let us choose {ci \ i £ 1} any 
ii'-basis for A. Put e^ = io{ei) for all z S / and observe that we can suppose, 
without loss of generality, that e^ G {0, 1} for all i £ I. Moreover we have: 

Lemma 6.2. Let K be a field with char K ~ and let {A,lu) be a baric K- 
algebra of countable dimension. Then A admits a basis such that every element 
in the basis is of weight 1. 

Proof. Let {e^ | i G /} with |/| < Hq be a iiT-basis of A. We can suppose that 
/ C N and that ei = 1. Now for each n £ L we define e'^ = = >, ^j- 

Then {e[ | i G /} is the desired basis. D 

Proposition 6.3. Let K be a field with char K=0 and let {A,lo) be a countable- 
dimensional baric K -algebra such that xy — w(j/)x for all x,y £ A. Then, if 
V = dirriK A, we have (A,lo) = {K^'^ , ^'^k') ^s baric algebras. 
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Proof. Wc consider the iiT-basis oi A {a | i G /} with ly = \I\ < Ho and uj{ei) = 1 
for aWi <E I given by the previous lemma. We define {Ai,uji) — {Kei,u!\Kei)- Ob- 
viously {A,oj) — (cxi^^]^ Ai,[xi^^^ uji) and the proof is complete as {Kei,uj\Kei) — 
{K,idK) trivially. D 

Finally, as a consequence of this proposition we obtain the following: 

Corollary 6.1. Let (Ai,uji) for i ^ 1,2 be countable- dimensional baric K- 
algebras with char K = 0. Then Ai ixi A2 is associative if and only if {Ai,LUi) ^ 
{K'^'^^ ,i<f^"^) with Vi = diniK Ai. In particular, {Ai ixi A2,lui txi UJ2) — 
{K''^'', ii^") with ;y = z^i + 1/2. 
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